We study Z N strings in nonabelian gauge theories, when they can be considered as domain walls compactified on a cylinder and stabilized by the flux inside. To make the wall vortex approximation reliable, we must take the 't Hooft large N limit. Our construction has many points in common with the phenomenological bag models of hadrons.
Introduction
In a previous paper [1] , we explored the idea that a flux tube can be though, under particular circumstances, as a domain wall compactified on a cylinder. To make it possible, the theory must admit two degenerate vacua: one in the Coulomb phase, that is kept inside the cylinder, and the other one in the Higgs (or confining) phase, that is kept outside the cylinder. For the simplest example, the abelian HiggsCoulomb model, we were able to determine a condition under which the wall vortex approximation is quantitative reliable. When we increase the number n of quanta of magnetic flux, the radius of the vortex grows like n 2/3 , while the thickness of the wall remains fixed. When n is enough large, the thickness of the wall becomes negligible and the tension of the vortex is given by the simple minimization of the energy density.
The present paper started with the following question: can we find a nonabelian version of the wall vortex? In [1] we found examples where Z N strings in a confining SU(N) gauge theory can be qualitative thought as wall vortices. What we are locking for, is some realization in which the wall vortex in quantitative reliable, so that we can apply the simple argument of the energy minimization used for the abelian HiggsCoulomb model.
If we want to mimic what we obtained for the abelian model, we must increase the number n of flux quanta, until the radius of the n-string becomes much larger than the thickness of the wall. A problem immediately arise: in a SU(N) gauge theory, n is limited to be smaller than N. This means that, to have a chance of obtaining some result, we must explore the large N limit of the nonabelian gauge theory [2] .
In the first part of the paper we will explore the case of degenerate vacua, one in the Coulomb phase and the other one in the confining phase, and we will consider two examples of supersymmetric gauge theories. In the second part of the paper we face the more general situation in which the Coulomb vacuum is metastable (or in the extreme case instable). Our hope is to apply these ideas to non supersymmetric gauge theories and we will try to do that for large N QCD.
The ideas we will expose are not new to particle physics. Almost thirty years ago a lot of works have been made on the bag models of hadrons. The first one was the so called MIT bag model [3] , where the quarks where modelled as free fermions bounded in region of finite volume and non zero energy density. This model had a great success in explaining static properties of hadrons [4] . A lot of different version of the bag model have been proposed after that. For example, in the so called SLAC bag model [5] , the bag had finite tension and the interior of the bag had zero energy density. Another interesting approach was the Friedberg-Lee model of hadrons [6] . In this works, by means of an auxiliary scalar field, they derived the bag as a domain wall interpolating between a metastable vacuum and a true vacuum. In the metastable vacuum the quarks have a small mass, while in the true vacuum they have a great (or infinite) mass. In the Friedberg-Lee model, hadrons where realized as nontopological solitons. Despite their success in explaining static properties of hadrons, bag model had some difficulties in describing interactions and so they where though only as phenomenological modelling of the real theory, QCD. Attempts to derive the bag model from QCD first principles have been made in [7] and [8] .
In this paper we will argue that some confining gauge theory can share, in the large N limit, some properties in common with bag models. To be more clear, we give now a definition of what we mean by a bag model. The definition is not precise but sufficiently large to include all the possible realizations. In a bag model we have two phases: one in the interior of the bag that can contain quarks and gluons, the other in the exterior of the bag where only gauge singlets can live. The interior Coulomb phase can have some energy density ε 0 and the bag can have a tension T W . For example, in the MIT bag model ε 0 = 0 and T W = 0, while in the SLAC bag model ε 0 = 0 and T W = 0. In general we can define a bag model action:
where L int describes the dynamics in the interior Coulomb phase. Another important ingredient, to complete the definition of the theory, consist in specifying the boundary conditions of the fields at the bag surface. This condition is that color must be trapped inside the bag. In Figure 1 there is a meson in the bag model. When the meson is rotating very fast, it becomes approximatively the wall vortex with a quark and an antiquark at the ends. The connection between the bag and the string was first recognized in [9] .
In the large N limit of a SU(N) gauge theory, Feynman graphs organize themselves into a genus expansion in powers if 1/N [2] . For this reason it is believed that some dual string theory should describe nonabelian gauge theories, and this string theory should become weakly coupled as N goes to infinity. The AdS/CFT correspondence is a concrete realization of this duality [10] for the N = 4 superconformal gauge theory. After that, some examples have been found where the gauge theory is not superconformal but confining [11, 12] . For the above mentioned reasons it may be sound a bit strange that a confining gauge theory becomes well approximated by a bag model in the large N limit. An important point, is that our claims regard n-strings with n of order N, and not the fundamental string over which is supposed to be built the dual string theory. So the hadrons that becomes a bag are the exotic mesons q n -q n with n ∼ N.
1
The string tensions T V (n) has been much investigated, both theoretically and numerically (see [14] for a review). From the theoretical side there are two important predictions: the Casimir scaling and the sine formula:
Casimir scaling. In an intermediate range of distance, the force between two static sources is proportional to the quadratic Casimir of the representation [15, 16] . As N becomes large, this range goes to infinity and the extrapolation suggest the ratio for string tensions
This procedure is not rigorous, since we should first make the distance to go to infinity, and then make the large N limit. It has be noted [17] that the Casimir scaling, when n is kept fixed and N goes to infinity, has corrections 1/N instead of the expected 1/N 2 . This should rule out the Casimir scaling but there are also different opinions on that [18] .
1 This should also overcome previous problems founded in trying to relate large N QCD and bag models [13] .
Sine formula. This formula first appeared first in [20] T 3) studying N = 2 SU(N) gauge theory, softly broken by the adjoint mass term µTr Φ 2 . In [21] , in the MQCD contest, has been shown that this formula is true also in the opposite limit µ → ∞. In [22] it has been shown that the sine formula doesn't hold in the intermediate regime but has non universal corrections. The formula reappeared in [23] in the contest of cascading gauge theories. Another meaning of the sine formula has appeared recently in [24] . The conclusion is that the sine formula, even if not directly derived in the QCD contest, present some universal characteristics that makes it a good candidate for QCD, or for any confining gauge theory.
On the lattice side, a lot of works have explored the tensions in pure SU(N) YangMills up to N = 6. The works [25] have results that excludes Casimir scaling and are consistent with the sine formula. The work [26] finds results between the two and, within the errors, consistent with both of them. The most recent work on the subject [27] seems to exclude the sine formula and, maybe, also the Casimir scaling.
The paper is organized as follows. In Section 2 we consider the case in which the two vacua, the confining and the Coulomb one, are degenerate in energy. The case of degenerate vacua is suitable for supersymmetric gauge theories and we will discuss two examples: N = 1 super Yang-Mills and N = 4 broken to N = 1 by adjoint masses. In Section 3 we consider the case in which the Coulomb vacuum is metastable (or in the extreme case instable), and we will try to apply our technique to large N QCD.
Large N, Degenerate Vacua and the Surface Bag
Now we want to explore the situation in which a nonabelian gauge theory has two degenerate vacua, one in the confining phase and the other in the Coulomb phase. In 2.1 we briefly review what we have done in [1] for the abelian gauge Higgs-Coulomb model. In 2.2 we consider a general nonabelian gauge theory and we list the conditions under which our ideas can be applied. In 2.3 and 2.4 we consider two specific theories: N = 1 SYM and N = 1 * .
Abelian theory
We consider the abelian gauge theory coupled to a charged scalar field phase where |q| = q 0 , and the other in the Coulomb phase. The magnetic vortex [28, 29] in the Higgs vacuum is nothing but the wall interpolating between the two vacua, compactified on a cylinder, with the Coulomb vacuum left inside. The energy density as function of the radius is
where Φ B is the magnetic flux. The magnetic flux is quantized in integer values Φ B = 2πn. The stable configuration is the one that minimizes the tension:
In this simple calculation we have neglected the thickness of the wall ∆ W and this is the crucial point. We can trust (2.3) only if the radius if the vortex R V is much greater that ∆ W . In [1] we argued that (2.3) can be used in a self consistent way to determine its region of validity. Taking
increasing n keeping fixed all the other parameters of the theory. Note that ∆ W does not depend on n. There will be some value n * above which R V ≫ ∆ W and so (2. 3) can be trusted.
Nonabelian theory
In a SU(N) confining gauge theory with confinement index N, flux tubes have Z N quantum numbers. An n-string (0 ≤ n < N) carries the flux of a Q n (the representation of n antysimmetryzed quarks). It is clear that the only way to send n to infinity is also to consider the large N expansion [2] . As usual the coupling constant must be send to zero like 1/ √ N in order to have a finite limit.
Now we list the general conditions under which the discussion of 2.1 can be applied also to nonabelian theories.
The theory must have at least two degenerate vacua, one in the confining phase and the other in a Coulomb phase. There is an effective Lagrangian that describes the domain wall interpolating between these two vacua. The scaling of the tension and the thickness of the wall are respectively
where, for the moment, we keep α and β generic. In 2.2.1 we consider the case in which the Coulomb phase is SU(N) nonabelian, and in 2.2.2 the case in which the Coulomb phase is abelian.
Nonabelian Coulomb phase
We write the tension as function of the radius of the vortex, keeping track only of the n and N dependence:
The factor n(N − n) is essentially the quadratic Casimir of the Q n representation.
The other N factor comes from the 't Hooft scaling of the gauge coupling. Minimizing with respect to R we obtain:
This formula can be trusted only if
> β we can reach a bag limit if we send n to infinity like N and the spectrum of Z N strings is
Abelian Coulomb phase
We write the tension as function of the radius of the vortex:
Minimizing with respect to R we obtain:
N = 1 super Yang-Mills
The first example we will consider is N = 1 super Yang-Mills. The theory contains gauge bosons and gauginos in the adjoint of SU(N): 11) where the normalization of the gauge coupling has been chosen so that the 't Hooft limit is when N → ∞, keeping fixed g and θ. In the superfields language the Lagrangian is the following: 12) where the complex gauge coupling is τ = θ 2π + 4πi g 2 . At the classical level this theory is scale and chiral invariant. These symmetries are broken at the quantum level by anomalies that form a supermultiplet structure. In order to encode this information, Veneziano and Yankielowicz [30] introduced an effective Lagrangian in terms of the gauge invariant superfield S = − 1 16π 2 Tr W α W α whose superpotential is:
This superpotential has two unwanted feature. First it is not singlevalued. Second it is not invariant under the anomaly free Z 2N , residual of the U(1) R symmetry. In order to cure these problems, Kovner and Shifman [31] modified the superpotential adding a term that contains an integer valued Lagrange multiplier k:
14)
The functional integral contains also a sum over the integers k. This modification cures the two mentioned problems and has an important consequence: it predicts the existence of a chiral symmetric vacuum. The conclusions of [31] are the following: N = 1 SYM has N confining vacua where the gaugino condensate is Tr λλ ∼ Λ 3 exp ( 2πin N ), and one chiral symmetric vacuum where Tr λλ = 0.
2 The chiral symmetric vacuum has been supposed to be in a nonabelian interacting Coulomb phase with a gauge coupling g * . This gauge coupling has not been computed but, from the large N limit, that it must be 1/ √ N multiplied by some numerical factors that doesn't depend on the dynamical scale.
The domain walls with the (2.14) effective superpotential have been studied in [32] . In particular they showed that there are BPS domain wall interpolating between the chiral symmetric vacuum and every confining vacuum. In a general theory that contains only adjoint fields, such as pure super YM, the effective Lagrangian that describe color singlets must scale like: 
The idea is that the N = 1 SYM flux tubes are domain walls compactified in a cylinder, with the chiral symmetric vacuum inside and the confining vacuum outside. Repeating the analysis that we have done in 2.2.1, we set α = 2 and β = 0, and we obtain
Thus, sending N → ∞ while keeping fixed the ratio n/N, the radius of the flux tube grows like N 1/3 and, for sufficiently large N, it will be much larger than the thickness of the wall.
N = 1 *
The next example we consider is the N = 1 * SU(N) gauge theory, that is N = 4 broken to N = 1 by mass terms for the chiral superfields Φ 1 , Φ 2 and Φ 3 . The superpotential is the N = 4 interaction plus the mass terms:
The stationary equations are, a part from numerical factors, the commutation relations of the SU(2) algebra [35, 36] . For example, deriving (2.18) with respect to Φ 3 , we obtain [Φ 1 , Φ 2 ] = −m 3 Φ 3 . Making the rescalings
we obtain exactly the SU(2) algebra:
The vacua of the theory are obtained choosing a partition of N
so that the N × N matrices Φ i are covered with spin (d − 1)/2 representations of the SU(2) algebra. The gauge group is classically broken 22) and the vacua of the theory are divided into two classes:
Massive Vacua. These vacua are called massive because there is a mass gap. For every divisor of N we must cover the matrices Φ i only with representation of the same dimensionality. In this case the gauge group is classically broken to SU(N/d) and there are no U(1) factors. The SU(N/d) group confines and there is a mass gap. This vacua are in one to one correspondence with the possible phases of a general confining gauge theory [37] . The works [35, 36] showed that the SL(2, Z) duality of the original N = 4 theory, exchange the massive vacua among them.
Coulomb Vacua. When there are at least two representations with different dimensionality, the unbroken gauge group has at least one U(1) factor. Since there is no strong dynamics for the U(1)'s, they survive in the infrared giving some massless particles.
Our aim is to show that confinement in the massive vacua is described by a bag mechanism. To show this we take the particular massive vacua where d = N and the matrices Φ i form a spin (N − 1)/2 representation of the SU(2) algebra. This vacuum is also called Higgs vacuum since the gauge group is completely broken at the classical level. The theory has Z N solitonic magnetic strings stabilized by the homotopy group
The key observation is that, using the SL(2, Z) duality, we can exchange the Higgs vacuum with some other massive vacuum in the confining phase. In this way we understand confinement as due to the condensation of magnetic monopoles and the creation of electric Z N flux tubes [37, 39] . For example, the vacuum where Φ i are covered with N copies of the d = 1 representation is a confining theory and the the Montonen-Olive duality [38, 40] exchange it with the Higgs vacuum.
Before proceeding to the central point, we need to know some qualitative properties of the domain walls in the N = 1 * theory. What is really important for us in the N dependence of the tensions and the thicknesses of the walls. If we assume that the walls are BPS saturated [34] , their tension is governed by the difference of the superpotential in the two vacua. For a general vacuum (2.21) the superpotential (2.18) is proportional to the sum of the Casimirs of the spin representations
where for simplicity we have used m = 3 √ m 1 m 2 m 3 . And so the superpotential, goes like ∼ N 4 . Choosing two generic vacua, the interpolating wall scales like [41, 42] :
There are some exception to this scalings. Take for example the domain wall between the Higgs vacuum and the Coulomb vacuum where the N is partitioned into a N − 1 and a 1 representation (call it (N − 1, 1) for simplicity). The leading terms in the superpotential cancel each other and the wall goes like:
Now we make our claim. The solitonic Z N strings in the Higgs vacuum are made by a domain wall compactified on a cylinder with a Coulomb vacuum inside. When N becomes large the energetically favorite Coulomb vacuum is the one where N is partitioned into a d−1 and a 1 spin representation. For sufficiently large N the radius of the n-strings becomes much larger that the thickness of the wall, and so that the conditions of 2.2 are satisfied.
First of all we check that the conditions of 2.2.2 are satisfied. The Coulomb vacuum of interest, has only one U(1) factor, the one generated by the diagonal matrix (1, . . . , 1, − (N − 1) ). This is the only generator in the Cartan subalgebra that, when exponentiated, passes through all the elements of the center of SU(N). In particular the n-string has charge
The tension as function of the radius R is
and, minimizing with respect to R, we obtain:
Now we consider the other point: why the Coulomb vacuum (N − 1, 1) should be preferred with respect to the others? Or again: why the Z N strings should all choose the same Coulomb vacuum? We don't have a rigorous proof for these questions but only an argument in favor of it. For example consider the n-string. Its flux could also be generated by the U(1) of the Coulomb vacuum (N − n, n):
Note that this U(1) cannot reach all the elements of the center of SU(N) so, if this generator comes out to be energetically favorite, we would have a different U(1) inside every n-string. What we are going to do is to evaluate the tension and compare it with the one obtained with the Coulomb vacuum (N − 1, 1) . The tension as function of the radius is
The flux term has an n(N − n)/N from the trace of the square of (2.30), and a power N from the 't Hooft scaling. The domain wall is an ordinary soliton that scales like (2.25). The minimization of (2.31) with respect to R gives:
Note that in this case the radius scales like N −2/3 if we send n to infinity like N. So we can not apply our approximation since the thickness of the wall (2.25) remains finite. But if (2.32) would be correct the tension would be greater than the other one (2.29).
Non Degenerate Vacua and the Volume Bag
Now we consider the more general situation in which the two vacua are not degenerate. The true vacuum is in the confining phase while a metastable (or instable) vacuum is in the Coulomb phase. In 3.1 we start with the simplest example of the abelian gauge theory and in 3.2 we consider a general non abelian gauge theory. In 3.3 we try to apply our ideas to large N QCD.
Abelian theory
Now we discuss the simplest example, an abelian gauge theory with a potential like Figure 3 . The Coulomb vacuum is metastable and has energy density ε 0 .
The vacuum q = 0 is in the Coulomb phase, it is metastable and its energy density is ε 0 . The other vacuum at |q| = q 0 is in the Higgs phase and has zero energy density. When ε 0 = 0 the potential becomes the one of Figure 2 and when ε 0 = v 0 it becomes that of Figure 4 .
Also in this case is convenient to think of the flux tube as a domain wall compactified in a cylinder, with the metastable Coulomb vacuum inside and the true Higgs vacuum outside. Neglecting the thickness of the wall, we can write the tension as function of the radius:
There are two regimes in which (3.1) can be easily solved.
Surface (or SLAC) bag. This region is when n satisfies the conditions
In this limit the surface term in (3.1) dominates over the volume term and the minimization gives:
Note that the surface region (3.2) exists only if ε 0 ≪ v 0 . As ε 0 is increased until it reaches v 0 , the SLAC region is eaten by the MIT region.
Volume (or MIT) bag. This region is when n satisfies the condition
In this limit the volume term in (3.1) dominates over the surface term and the minimization gives:
Note that the tension is proportional to n, as happens in the BPS case.
A check
Now we make a non trivial check of the result (3.5). The previous analysis should work also in the extreme situation when ε 0 = v 0 (see Figure 4 ). In this category there is one famous example solved by Bogomoln'y [45] . When the potential is
the tension is
for every value of n. Solving the model with our trick, the result must coincide with (3.7). For the BPS potential (3.6), the energy density of the instable Coulomb vacuum is ε 0 = e 2 ξ 2 /2. Using (3.5), we find exactly (3.7).
In the extreme case ε 0 = v 0 the Coulomb vacuum is still stationary but instable.
Nonabelian theory
Now we list the general conditions under which the discussion of 3.1 can be applied also to nonabelian theories.
A part from the confining vacuum, the theory has also a metastable (or in the extreme case instable) Coulomb vacuum. There is an effective Lagrangian that describes the domain wall interpolating between these two vacua. The scaling of the Coulomb vacuum energy density, the tension and the thickness of the wall, are respectively:
Nonabelian Coulomb phase
We write the tension as function of the radius of the vortex, keeping track only of the n and N dependence, and considering only the MIT bag regime:
Minimizing with respect to R we obtain > β we can reach a bag limit if we send n to infinity like N and the spectrum of Z N strings in the large N limit is
Abelian Coulomb phase
Minimizing with respect to R we obtain
The last condition means that the volume term dominates over the surface term. If
> β we can reach a bag limit if we send n to infinity like N and the spectrum of
(3.14)
Large N QCD
Now we try to see if there is any chance that the two scenarios, 3.2.1 or 3.2.2, are realized in QCD.
First we recall some well established results regarding the QCD string tension at large N. Consider the interaction between two fundamental strings. It has been shown in [17] that interactions vanishes like 1/N 2 . Thus the tension of the n-string, when n is fixed and N becomes large, is equal to n times the tension of the fundamental string
If instead we keep n of order N, the interactions are of order 1. In fact, there are n 2
ways of making a fundamental interaction between any couple of strings, and so in total we have an interaction of order
The tension of the fundamental string remains of order 1 as N is increased. In fact its tension determines the mass of the meson and, for large N, these masses remains finite [46, 47] . This is common both to the 't Hooft expansion [2] and to the topological expansion [48] .
Nonabelian Coulomb phase
Now we explore the possibility of the scenario 3.2.1, that is a bag with a nonabelian SU(N) Coulomb phase inside. The scaling (3.11) has a problem: it is not consistent with (3.15) when we expand in N keeping fixed n. The only possibility is that the bag approximation fails in this regime but works only if we send also n to infinity. For this reason the parameters α and β in (3.8) must satisfy . The most reasonable choice that satisfy these conditions is α = 2 and β = 0. An effective Lagrangian giving these scalings would be
This is exactly the scaling that we expect for an effective Lagrangian for gauge singlets at large N. Note that the situation is very similar to 2.3.
Abelian Coulomb phase
Now we explore the possibility of the scenario 2.1, that is a bag with an abelian Coulomb phase inside. 5 We could have a spectrum like (3.14), only if the α parameter in (3.8) would be equal to −1. This in fact is the only way to match (3.13) with (3.15) since T V (1) is of order 1. A natural effective lagrangian for the would be
This effective Lagrangian would give an energy density for the Coulomb phase ε 0 ∼ 1/N, and a thickness for the domain wall ∆ W ∼ 1. The effective Lagrangian (3.17)
4 Note that this gives another way to understand that the interaction between two fundamental strings is at least of order 1/N 2 . In fact an interaction 1/N would make a divergence if also n is of order N . 5 Note that this is different from the abelianization picture where we have (N − 1) U (1) factors.
Here we have only one U (1) factor and lim N →∞ SU (N ) = U (1).
becomes strongly coupled as N goes to infinity, so we should interpret it as a dual Lagrangian that describes some monopole field ϕ m .
6
Finally we confront the two possible scenarios with the lattice experiments. Both [25] and [26, 27] predicts a ratio that is far from (3.11) and (3.14) as it is shown in Figure 5 . The only left possibility is that N = 6 is not enough large to see the asymptotic bag regimes previously described. 
